Introduction.
In this paper, we are concerned with the change in the convection field of a uniform stream U when small effects of buoyancy are present for a flow in an unbounded region containing a point source of heat at the origin. Density difference® established by temperature gradients induce fluid motion by driving less dense fluid elements against the direction of the gravity vector g(f). In such a flow there is, therefore, a coupling of the velocity and temperature fields. Except as they induce buoyancy forces the density differences are otherwise ignored. The fluid is assumed to be a constantproperty one, so that the variation of thermal properties and the effects of viscous dissipation on the temperature distribution are neglected.
The problem is treated by a regular perturbation of the classical problem in which buoyancy is totally neglected (see e.g. [3, p. 266] ). The first-order perturbation solutions, which are obtained explicitly for a Prandtl number of one, are assumed to provide the dominant behaviour of the self-convection fields of velocity and temperature. The solutions imply a paraboloidal wake-like behaviour of these fields. Such behaviour is consistent with solutions of the free convection problem as obtained by Mahony [7] and Yih [9] . 2 . Formulation of the problem. The Oseen equations.
The appropriate governing system of equations for steady motion is (see e.g. Howarth In a three-dimensional axisymmetric flow, in which the axis of symmetry is in the direction of g and in which there is no velocity component in the azimuthal direction ev , there is only one component of the vorticity o> = ue9 . This corresponds to an annular vortex filament encircling the axis of symmetry in a circle of radius p. The vorticity is proportional to p. Following Pillow (see e.g. [2, Chap. I, §3]), we introduce the quantity I = oj/p, the ring circulation density, in order to have a quantity which is conserved under convection. The momentum equation in (2.1) when expressed in terms of I becomes w-grad I = v Al + 2v p-grad I + ag-[p~l grad T X ev\. In terms of coordinates (r, ju), where ju is related to the polar coordinate 0 by p = cos 6 (see Fig. 1 ), the governing system (2.2)-(2.5) then becomes The nonlinearity of the convection terms in Eqs. (2.6), (2.7) precludes closed solutions in all but special cases. An approximate solution is attempted based on an Oseen linearization in which the velocity is assumed to differ only slightly from that of a uniform stream. The effects of buoyancy are therefore regarded as small in the Oseen region. More precisely, the perturbation of the system (2.6)-(2.8) with boundary conditions (2.9)-(2.12) is considered about the state of zero-buoyancy which is represented by writing e = 0 in the above equations. It is assumed that the perturbation is regular.
This assumption would appear to be reasonable, at least for points in the region of downstream infinity. Justification of a regular perturbational analysis for large r is given a ■posteriori by employing in Sec. 6 the solutions obtained in preceding sections to calculate directly orders of magnitude of neglected terms at the first stage of the process.
The process begins by expressing \p, I and T as power series in e, i.e. to = |r2(l -A Z" = 0, T0 = ^e (2.14)
The equations for the quantities tpi , h and 1\ characterize the first-order perturbations due to nonzero buoyancy, and are termed the Oseen equations for this problem. 
and yf/i(r, ±1) =0.
In the remainder of this paper attention is centered on solution of the above system for the quantities \j/1 , lx and rl\ as functions of the coordinates (r, n). The analysis is carried out completely for Prandtl number equal to one. For other values of the Prandtl number suitable Green's functions permit expression of , I, and rl\ in closed form as multiple integrals to which conditions (2.18), (2.19) apply. The formidable integral boundary condition (2.18) appears to make intractable the complete solution of the perturbation problem for arbitrary values of the Prandtl number.
3. Perturbation solution for ring circulation density. Substitution of the zero-order solutions (2.14) for \pa and T0 into Eq. (2.15) gives the Oseen equation for as
in which the subscript on U has been suppressed temporarily. In order to obtain the solution of Eq. (3.1) an appropriate Green's function valid in the plane region 0 < r < °°, -1 < < 1 is employed. This fundamental solution, denoted by C(r, n; r0 , /x0) and satisfying the equation where the ^ function is the second solution of the confluent hypergeometric equation, and s2 = [r/2t + (<r -l)/u]2 + (a -1)2(1 -ju2). It appears improbable that the integration with respect to t can be performed for arbitrary c. The integral in (3.4) may be evaluated explicitly for the value <r = 1. In this case,
The above solution may be verified to satisfy Eq. (2.15) directly by noting that it is equal to §T0(r, /*, 1).
The perturbation ring circulation density h decays exponentially everywhere, except along the axis of symmetry where it decays algebraically. The solution has the expected feature of wake-like behaviour. That is, because of the exponential factor in (3.5), the disturbance to the uniform stream due to U is slight, becoming important only when r(l -n) = 0(1) for all r, n-This defines the paraboloidal region y = 0(x2) in which lx is significant while outside it h rapidly tends to zero. Further interpretation of the result for the perturbation ring circulation density is reserved until the discussion in Sec. 6. is a suitable fundamental solution for Eq. (2.17) valid in the region 0<r< co, -1 < M < 1 and vanishing along the axis of symmetry.
With lx given by Eq. (3.4) and g(r, n) r0 , /i0) given by Eq. (4.1), a particular integral of Eq. (2.17) for arbitrary values of <7 is expressible in closed form as a multiple integral.
That is, h(r, m) = / dr" 2irrl-r0(\ -n\)k(r0 , ju0)g(r, ju;r0 , n0).
The problem of simplifying the above multiple integral significantly for arbitrary values of the Prandtl number appears intractable. We confine ourselves henceforth, therefore, to a Prandtl number of one, for which value I, has the relatively simple form (3.5) and Off the axis, the components ur, u0 of the perturbation velocity are 0(r~l) for r tending to infinity. However, near the axis of symmetry the exponential terms must be taken into account and in fact, limM-i ur = (47t)_1 for all nonzero r, while ue is zero for p = ±1 and r^O. The above implies there is a concentration of momentum along the axis. This may be seen more clearly by expressing the perturbation velocity in terms of components uc parallel to the axis and up perpendicular to the axis. In terms of cylindrical coordinates (p, z) in the plane, The wake-like behaviour superimposed on the uniform stream can now be inferred as follows. The component uf of the velocity tends to zero as p tends to infinity, for all z. Moreover, for all p, up tends to zero as z tends to infinity. The downstream component of velocity uz approaches zero as p tends to infinity, for all z; however, it approaches the constant value (47r)-1 as 0 tends to infinity for finite p.
This wake region in which the perturbation velocity is significant is paraboloidal in shape. The form of the wake is deduced from the observation that exponential terms appearing in the velocity components (4.5) are significant only when (r/2)(l -p) = 0(1) for all r, p, i.e. y = 0(x2).
The mass flux flowing downstream may be compared with that flowing into the paraboloidal wake region as follows. In the boundary layer, the former is almost entirely the mass convected across a disc of radius p at a height z. This flux is given by p2r Po / / uzp dp
where p0 is the density. The mass of fluid directed into the wake is given by
With the aid of (4.6), the preceding expressions both become
and it is seen that the increasing mass flux flowing downstream is balanced by that entrained at the edge of the wake. It may be noted further that each is 0(z) for z tending to infinity, a result which is indicated by similarity solutions of the free convection problem (see e.g. Batchelor [1] ). The general solution of (5.1) can be expressed as the sum of the expressions (5.5) together with (5.2). Since Ti must remain finite as r -> the constants A" for all n must be chosen equal to zero in (5.2). Furthermore, the temperature is finite along the axis of symmetry and hence the constants Dn must all be zero. The remaining constants are determined by requiring that the integral boundary condition (2.18) and the condition (2.19 ) for the gradient of rl\ on the axis be satisfied. This is accomplished by considering separately the contributions of the individual terms of the integrand to the value of the integral.
Firstly, with T0 given by (2.14) and given by (4.4), the contribution of the first term in the integrand of (2.18) is It can be verified directly that the condition (2.19) on the gradient of Tx normal to the axis is satisfied uniformly in r. The logarithmic singularity of dT^/dfi as r tends to zero is cancelled by the behaviour of dT^/dn as r -* 0, which is determined by noting 
The analytical solutions for l0 , \p0 , T0 and for I, , \pt , Tt given by (2.14), (3.5), (4.4), and (5.8), respectively, can be used to calculate the order of the terms neglected in each of the first two stages of the perturbational process. The ratio of neglected self-convection terms to forced convection terms outside the wake region is calculated readily to be 0(e) for large r. The order in r, when r tends to zero, of the diffusion, buoyancy and convection terms is calculated from solutions for l0 , fa , T0 and h , fa , Tx to be 0(r~l), 0(r~l) and 0 (1) respectively, and hence in the neighborhood of the source the order of neglected terms is at most 0(e).
The ring circulation density flux vectors for diffusion, forced convection and selfconvection of I, and the corresponding vectors for heat flux can be calculated using the zero-order and first-order solutions obtained for ip, I and T, and the effect of the perturbation solutions compared with predictions made physically. For example, diffusion effects would be expected to predominate near the source. Outside the wake the distribution of I throughout the fluid is mainly by diffusion, and convection by the uniform stream. The ratio of self-convected flux of I to the other forms is small in this region, being 0(«r_1) for r -» <».
Inside the wake, for r tending to zero, JD = 0(er~2), JF = 0(er'1), Js = O^r'1).
In this region diffusion of I dominates forced convection which in turn dominates self-convection of 1. Similar conclusions hold for the distribution of heat flux in each of the regions above.
The flux vectors of I in (6.3) can be expressed in terms of a component in the direction of the uniform stream and another normal to it. It is then apparent that the downstream component of diffusion reinforces the corresponding component of convection near the axis of symmetry which implies there is concentration of heat and momentum in the neighborhood of the center of the wake.
